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"gniqueness of Solution of the Problem of Electrical Prospecting"

A. N. Tikhonov
Corresponding Member of

Academy of Sciences USSR.

[ﬁote: The following report appeared in the regular 'Geophysics section of the
thrice-monthly Doklady Akademii Nauk SSSR, Volume 69, No 6 (21 Dec 1949), pages

797800,/

The Stationary field of an electric current generated by a point source, located
at a point Mo of the boundary of a conducting hal f-space 2z z 0, is determined by a

function (potential) u(x,y,z) satisfying the equation

J Ju 2 u e, TR

= = — (T = L (ag= )= O

ax (¢9X>+22£< 93) +ra_2_ ( r3

(where sigma o~ = conductivity of the medium) and the condition E;u/a z =0 at

z =0, M= Ma’ and possessing at the point M0 a singularity of the type

|
Z'rra‘>

\ -
u(x,y,2) = Q.— w (% 9,2 ==
Y q r, -+ ( '3: b} ( %, -
Here o = o (M J3 r is the distance of the pofnt M(x,y,z) from M (x ,¥ 52 )3iand
o o o » 00’0’ o
% is a function bounded at M_ and regular at infinity.
The electric characteristics of a medium is often studied by measurement of the
field of a point source (or of its derivatives, determined by apparent resistances)
on the surface z = O, The purpose of this work is to show that for laminated media

(o= o (23)) the value of the superficial potential cannot correspond to various

electric cross sections. For a laminated medium the equation for u has the form

FPu .2 oy L2 e pUy
2 x> +5&"+0'23£ (0“2%7_.. o
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1. In virtue of the cylindrical symmetry of the problem it ig evident that

u = uf P ,2)s Let us discuss the auxiliary function

2z, = | ulp? I,0p2pdp

e

_ g +zen, (7 (300 )

where J (A (3) is a Bessel function of zero order and 1-st kind.
o :

We shall show that this function satisfies the equation

x 47 _
L2 @Eé)——fz = O

g 2z

and additional conditions dz/dz = =q, 2(00) = O. The integral determining the

z2=0

function % converges uniformly. This follews from the asymptotic behavior of

J (Onp ) and from . 2
° /- g%(\l‘pu):tO(() ")_

Hence it follows that 72(%, A ) 38 @ continuous function of z(0 ¢ 2¢ co)e It is easy
to be convinced that Z{ o0 ,>\) = 0, The integral

- 22U
converges absolutely and uniformy. It follows therefore that Z(z,%) has a con=
tinuous derivative along z for all z for which o(2) is continuous. At points
where ¢ (2) is discontinuous, the product d’(Z)dZ/dZ is continuous. It follows
also from this formula that dz./dz = -q and that dZ( «° ,>\ )dz = 0.

2=0
We shall show that the integral

@

2 (24 T
I= SO g 2 (sz> JoOYO)PAP
converges uniformly. ZLet us transform the integral

— F"_\/ 2. Uk o ("’-\/ u -
L=V, Fors 520000 = ), 75 DL
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by integratioen by parts‘

Pz f* 2 -,
12 o sop| i ol P T

Taking into account the asymptotlc orders of u, Zu/‘bp ’ J and Jl as well as the
uniform convergence of the integral determining %, we are conv:mced that the

integral I converges wniformly and that the derivative d,. d Z (U" &‘ ) exists.

Passing to the limit, {’1-—"9' 0 and PZ > 00 , we find that

i - o) =
Ld @y RE=0, ZED=TT Z (0N = Z M=0

2. Differentiating the equation for 7%, We obtain

(_\_ 7 >\1Z =0, Zl(;ao:%g" , Z| = O,

700

where Zl = —g‘dZ/dz. By substituting the new variable, we obtain z

w
jzz% . 2\ =0, Z?‘z=;—: o, EFC [= | oz

These conditions uniquely determine 2 1 Indeed the existence of two different func~

tions satisfying these conditions would mean that their difference —il’ not identically

equal to zero, satisfies the same equation and the conditions Z. i, =0, Z =0.
U% Heo

The function 7 by wirtue of the equation, cannot have positive maximums and negative

minimums. Hence it follows that Zl ¥ 0 identically. Tt follows at once from these

an
considerations that Zl;.> 0 for all z, and that Z ( ;) is a not,\mcreasmg function.

Let us consider the nonhomogenous equation
2. — — = -
p_%z=-f ZO=% ZE@ =0,

1t follows from the same considerations that Z Z 0 if £ 0.
We shall show that if .
—/ = = — ya
Z -~;Z.—"—-j Z(ov =0, Z()=0 (L=12)
L gt A /v r
A (<}
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l? 22. Indeed, we have
VZ, £ 0, Z@=2@) =0,
\
where Z = Zl - Tys therefore Z 7 0 or 217/ 7.

If the right term expresses the local function for which

\za—!—z 'f';g“% —

then we may perform the passage to the limit at & - 0, and within limits of Zi

z, &

we shall obtain the i‘unction)K( Z)Zo), of the point source satisfying in zeta Z

the homogenous equation, while at the point Zo we have:
1+o
KT = -
42 1 -0

t is evident that, for ations with various « (1=1,2
I eviden at, for equatio i Jl( 32), g7>/0-£
we have for the source function the inequality Kl(ZJZa) :7/1(2( Z};g).

3. Basic theorem. If the function (2, N\ ) is defined as the solution of

2 1.
equation fL__Z- — o - o) =
T i = o, Z@) =0,
where g (Z ) are piecewise analytical functions, cr(l) > d, >0 CO- é; < w>;
then o (g) is wniquely determined by the values of
!
RO = Z;-(o,))/Z(O,)) ‘

In other words, identical values of Rl( }\ ) and Rz(/\) cannot correspond to different
functiens o= () and 0'2( L )e

Let us assume that to some functions 0“1(2) and Jg(z) correspond identical
values of Rl(>\) = R2(>\) = R(>\). Let us normalize the functions Zi(z,>\) by setting
zi(o,>\) =1 (i =1,2). The function Z(z,n) = zl(z,>\) - Zz(z,>\) satisfies the

equation

2 %7 = -F= - -nli 2@z

!
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and the conditions Z(0,N) » f% @) = Z( 00?‘) = 0.

The function Z may be expressed in the form

Z =n S g BlOK €140 .

Without limitatien of generality we may consider q( L) - G"“‘;” - 5,_“% differs from
zero for values of ; as small as desired. Tf it were not so and q(g) = 0, then
for 0 SL L, itis evident that Z(L, M) = dZa(T, A y/dl = 0 and the origin
of reckonix‘;é/\;should start from ‘;’1*.

*ﬁfcte: The piecewise analyticity of o (/; ) is assumed only in order to guarmt};p,
the sign-constancy of q(g) near Z = Q, The class of admissible funét.ions
could be transformed in such a way that the sign-constancy of q(C) can be properly
utilized. Doubtlessly the necessity of this assumption is connected with the method
of proofs/

For equations with constant coefficients we have:

o

\<([ Z \)_, j‘;ﬂl’, ’;\——Z . e 7
o Pl T = 3 ) 'g’b'\' L(Za .

"&‘e'atc (s;n\q %Zo -+ cosh%I{,)

In particular, K(T,0,) > —‘7\' sih %l o’:\ 5y for T < ZD
e 2cosh=
sh =G,

We assume that O‘l has a lower limitj i.e. that O ‘7/02) . Hence it follows that

1
K (2,0.) 2 K (€,1,).

Furthermore, from assumptions made in respect te g 1 and T 2 it follows

that q(g) has a constant sign within an interval O £ Z < C?@ .

For the sake of definiteness, let q(g ) > Q> 0. 1In this case, we have

— — EB ) » To ‘ 60‘ Z\‘ G'a(/{‘z;a
Z(,&,))Z?OZL(ZJ gop\';mh E’;I m J’ta»—-N%Z(Cl)ghsmho-}wkéﬁo

(?—_—‘- E(Z:)“\) 3 . ” ‘

where lq(l)\ é Mfor T >Zl . But in the case of sufficiently large >\o s

we haves Ty AI‘, ) o0 diro
?5”86 m,skg‘_.go > M Sl'&)‘;ﬁz;g —gvr* > Mo
2 {
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whieh
Because Z(0,A) = 0, we obtain dz(0, \)/d¥ 2 dF(0, >\)/dz 5> 0, whed contradicts

the asumptione.
Coming back to the function u(z,()) we see that if to various o’l and ¢ o
i i h that 0 = 0] = f then
correspond functions ui((),z) (i = 1,2) such tha ul( ,/)) u2( ,{; ) (P),

at 2 = 0 the following functions also

(e a]

= = %
Z (02 = 575\ +Z (oM ==, Z.(o)) = gOLuA. (F’O) MF] );(/\f)lac(f

will be equal, which are determined from equations:

L 4 é%&;_ g d —_ T2 —
SR Ez=o, fzOM=-f, ZleM=o.

z=

Assuming ¢~ dZ/dz = -Z.(l), we see that Z‘i(l) satisfies the equations of the basic
i

theorem, taking the values of

Q)
“(o,M
I LAl

280

to be equal;k hence it follows that a“l(z) = 0—‘2(z).

Submitted 21 October 1949.
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